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Abstract 
When the stagnation temperature of a perfect gas increases, the specific heats and their ratio do not remain constant any more and 
start to vary with this temperature. The gas remains perfect, its state equation remains always valid, except it will name in more calori-
cally imperfect gas or gas at High Temperature. The goal of this research is to trace the profiles of the supersonic plug nozzle when this 
stagnation temperature is taken into account, lower than the threshold of dissociation of the molecules, by using the new formula of the 
Prandtl Meyer function, and to have for each exit Mach number, several nozzles shapes by changing the value of  this temperature. A 
study on the error given by the PG (perfect gas) model compared to our model at high temperature is presented. The comparison is made 
with the case of a calorically perfect gas aiming to give a limit of application of this model. The application is for the air. 
Keywords: supersonic flow；plug nozzle；calorically imperfect gas；interpolation；Prandtl Meyer function；stretching function； Simpson 
quadrature；supersonic parameters；conception. 
1  Introduction 
 The supersonic nozzle is divided in two parts. 
However, the supersonic portion is independent of 
the upstream conditions of the sonic line. We can 
study this part independently of the subsonic por-
tion. The latter is used to give a sonic flow to the 
throat. In this work, we will study a type of nozzle 
giving a uniform and parrallel flow at the exit sec-
tion. It is named by plug nozzle with central body. 
There are two categories for this nozzle according 
to the sonic line. If the sonic line is a straight line, 
the wall at the throat generates centered and diver-
gent waves. The second category has a curved 
sonic line. In this1 case, the flow inside the nozzle 
has not centered Mach lines. This type of nozzle is 
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named by Plug Nozzle with curved sonic line. Each 
type exists for two-dimensional and axisymmetric 
flow giving in total four possible configurations. The 
two-dimensional plug nozzle with a straight sonic 
line is studied in Ref.[1]. The axisymmetric nozzle 
is studied in Ref. [2]. 
The work discussed before is completed for the 
case of perfect gas (PG) with constant CP (specific 
heat to constant pressure) and γ (specific heat ratio). 
These works are limited for low stagnation tem-
perature, where we can go up to approximately    
1 000 K for exit Mach numbers which do not ex-
ceed MaE =2.00, see Ref.[3]. In this work we de-
velop a numerical design method and dimensioning 
of the plug nozzles with central body, based on the 
use of the Prandtl Meyer expansion at high tem-
perature when the variation of CP and γ to the tem-
perature are taken into account lower than the 
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threshold of dissociation. The perfect gas in this case 
is named in more by calorically imperfect gas and 
thermally perfect or gas at high temperature. The 
contour of the nozzle is unknown, and it is given so as 
to obtain an uniform and parallel flow at the exit sec-
tion, and in particular, the form obtained will deliver a 
maximum thrust considering the flow at the exit is 
horizontal. To justify the profit in performance, in 
particular the length, the mass and the pressure force, 
we make a comparison with MLN configuration. 
For the air, and until 3 550 K, the table of 
variation of CP and γ with the temperature is illus-
trated in Ref.[4]. The new thermodynamic ratios at 
high temperature are presented in Refs.[5] and [6], 
that of the Prandtl Meyer function at high tempera-
ture is the goal of Ref.[7]. Like results, the mathe-
matical model developed in this work is a generali-
zation of the equations of the PG model with con-
stant CP and γ, presented in Refs.[8], [9] and [1]. In 
general, the results in the aerodynamic are accepted 
with an error of 5%. 
A polynomial interpolation with the values of 
the table in order to find an analytical form for CP(T) 
is applied. The mathematical relations presented are 
valid in the general case independently of the inter-
polation form and the substance, but our results are 
presented by the choice of an interpolation by a 
polynomial of 9th degree for the function CP(T), see 
Ref.[6]. The selected substance is the air. The com-
parison is made with the calorically PG model aim-
ing to determine the limit of application of this 
model. A study on the error given by the PG model 
is presented. The form of this nozzle is presented in 
Fig.1. The difference between this nozzle and the 
others models is that the flow at the throat is titled 
of an angle θ* compared to the horizontal as indi-
cates Fig.2, which is not the case for the others 
models where the flow is horizontal at the throat. 
 
Fig.1  Geometry of the plug nozzle 
 
Fig.2  Flow at the throat and the exit sections 
Consequently, the lip is inclined at an angle Ψ 
relative to the vertical as shown in Fig.3. 
 
Fig.3  Deviation angle Ψ of the lip 
The flow is supposed sonic at the throat, to 
have a supersonic flow in the divergent part of the 
nozzle. To obtain the contour geometry of the cen-
tral body, the stream line determined by calculation 
is replaced by a rigid surface limiting the field of the 
flow, and consequently the central body shape is 
obtained. In our study, we are interested only in the 
supersonic divergent part. 
2  Mathematical Formulation of the Problem 
The flow at the throat and the exit sections is 
one-directional, the ratio of the critical sections re-
main always valid and is taken into account to com-
pare the numerical calculations found by our model 
and the theory. Let us note here that the ratio of the 
sections of a perfect gas[10] is not valid, and the new 
form at high temperature (HT) is developed in 
Ref.[6]. 
The flow calculation inside the nozzle is rather 
delicate, since the nozzle shape is unknown a priori. 
The required contour of the central body is that 
which accelerates the flow from the Mach number 
Ma=1.00 at the throat up to the Mach number MaE 
at the exit section. As the flow angle is not zero at 
the throat, the flow through the central body re-
dresse only from θ= θ* at the throat to θ =0 at the 
exit. The flow calculation and the contour determi-
nation of the central body for a gas at high tem-
perature are based on the expansion of 
Prandtl-Meyer presented in Ref.[7] by 
 
 
( ) d
T*
νTν F T  T= ∫              (1) 
with 2P( ) ( ) / 2 ( ) 2 ( ) / ( ) 1νF T C T H T H T a T⎡ ⎤= −⎣ ⎦  (2) 
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where T is temperature, H is enthalpy except for a 
constant. 
The parameters exists in Eq.(2) are presented 
in Refs. [5] and [3], and are given by 
V 2=2H(T)                (3) 
0 
P 
( ) ( ) dTTH T C T  T= ∫            (4) 
)(/)(2)( TaTHTM =           (5) 
a2 (T)=γ(T)rT                (6) 
Ma=V/a                  (7) 
The interpolation coefficients polynomial of 
the function CP(T) as well as the function H(T) are 
presented in Ref.[6]. The angle γ  is measured 
compared to velocity vector of the throat. On Fig.4, 
the lines AB and AE respectively present the Mach 
waves of the throat and the exit section. These lines 
are inclined to the angles μB and μE given respec-
tively by μB=90°and  μE=arcsin[1/MaE]< 90°. 
 
Fig.4  Angles of Mach at the throat and the exit sections 
    Between these two Mach lines, there is an in-
finity of centered divergent Mach waves exists from 
point A of the lip as Fig.5 shows it. Each line gives 
a Mach number, which we can easily from this num-
ber, deduct a point of the central body contour. 
Consequently, the point A is a point of discontinuity 
in parameters and in particular in T, Ma and θ. 
 
Fig.5  Discretization of the expansion zone 
The flow properties as the Mach number, the 
flow deviation angle, the thermodynamic ratios 
(pressure, temperature and density) are constant 
along each Mach line exits from point A. This prop-
erty gives us an advantage of determine rapidly and 
explicitly the position of the wall point. Each line of 
Mach result from point A will be absorbed by the 
wall considering the flow is two-dimensional. Fig.6 
presents the parameters of an intermediate Mach 
line connecting the points A and i of the wall. The 
angle θE is not known a priori. If dimensioning does 
on the basis of the exit Mach number, the tempera-
ture TE will be determined by the resolution of the 
Eq.(5) by replacing T=TE and Ma=MaE. 
 
Fig.6  Parameters of an intermediate Mach line connecting 
the points A and i (i=2, 3,…, N) 
To have a uniform and parallel flow at the exit, 
we can determine the angle θE by the following re-
lation. The calculation procedure is presented in 
Ref.[6]. 
* 
 
( ) d
E
T
B E vT
θ ν F T  T= = ∫          (8) 
The slope of the lip compared to the vertical 
will be determined by the following relation, see 
Refs. [3] and [1]. 
90 EΨ ν= ° −             (9) 
2.1  Discretization 
The expansion zone between the lines AB and 
AE can be discretized into N Mach waves, including 
the two ends, as shown in Fig.5. Noting here that 
the Mach waves are straight lines. 
The more the Mach waves number N is large, 
the more we obtain a very good presentation of the 
central body. The determination of the points of the 
wall is done in an explicit way. If we know the posi-
tion and the properties of a point on the wall, we 
can easily determine those of the adjacent point un-
til we reach the exit section point. The diagram of 
the model under the presence of a Mach line is il-
lustrated in the Fig.6. The temperature Ti in point i 
is known. Then, we can write [3] 
arcsin(1/ )i iMaμ =           (10) 
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( )d
i
T
Ti vv F T T= −∫            (11) 
90 i iiφ Ψ ν μ= ° − − +          (12) 
i i iθ φ μ= −                  (13) 
with       ( ) ( )i i ia T γ T  r T=             (14) 
)(/)(2 iii TaTHMa =          (15) 
In Fig.6, the properties Mai , θi, νi, xi, and yi at 
the point i are known, and the problem becomes the 
determination of these properties at the point i+1. 
Let us consider the triangle connecting the points A, 
i and i+1. Here the points i and i+1 are connected by 
a straight line to point A. Then 
i E i π  φ ν  να = − + −            (16) 
1 iEi φ ν νβ += − +             (17) 
1sin( ) / sin( ) / iiλ λβ α +=         (18) 
The polar ray of the point i+1 is given by 
  1 sin( ) / sin( )iiλ λ α β+ =          (19) 
By analogy to Eqs. (10), (11), (12) and (13), 
we can deduce the relations for the point i+1 by 
changing the index i by i+1. At this point the tem-
perature Ti+1 is known and their co-ordinates can be 
calculated by 
/1 1 1( ) cos( )i B i B ix λ λ λ φ+ + +=          (20) 
/1 1 1( )sin ( )i B i B iy λ λ λ φ+ + +=          (21) 
Each point i on the wall has its own tempera-
ture, different to the other points, and that all are 
connected to point A by a Mach line. We chose the 
discretization of the zone of variation E[ , ]*T T T∈  
of N values so the calculation is fast. 
2.2  Calculation procedure 
The first stage consists of the determination of 
some necessary results for the design: 
For HT gas model, the analytical expressions 
of the thermodynamic critical ratios * 0/T T , * 0/ρ ρ , 
and * 0 /P P  are presented in Ref.[6]. 
The thermodynamics ratios TE /T0 , ρE /ρ0 , and 
PE/P0 of a HT gas model corresponding to super-
sonic exit Mach number are presented again in 
Ref.[6]. 
From Ref.[6], the theoretical ratio of critical 
sections is given by the following relation 
2
A P
E
 / ( ) ( ) /[ ( ) 2 ( )] Exp d
*
E *
T
T
A A F T C T a T  H T T= = −⎛ ⎞⎜ ⎟⎝ ⎠∫  
(22) 
This ratio is also used as the basis of compari-
son for validing our numerical calculations. 
The value νE of the Prandtl Meyer function can 
be calculated by using the Eq.(1) by replacing T by 
TE. The calculation algorithm of Eq.(1) is presented 
in Refs.[5] and [9]. The slope of the lip compared to 
the vertical is given by Eq. (9). 
As the calculation procerdure uses two succes-
sive points ,  i t  is  necessary to ini t ia l ize 
the calculation procedure. The starting point is 
point B. At this point, we have 
• The Mach number is MaB =1.00. Sonic con- 
dition. 
• The angle of Mach is μB =90.0°. 
• The value of Prandtl Meyer function is νB=0.0°. 
• The polar angle is φB= 90 .B Bv μΨ°− − +  
• The polar radius is λB =1.00. 
• The position of the first point of the wall is 
given, in the non-dimensional form, as 
/ cos ( )B B Bx λ φ=             (23) 
)(sin/ BBB φλy =             (24) 
• The flow angle deviation at the throat is given 
by 
*
B B Bθ θ ϕ μ= = −           (25) 
• The theoretical non-dimensional radius at the 
exit section is given using Eq. (22) by 
E/ /E B *y λ A A=           (26) 
The same value is computed by the numerical 
model using Eq.(31) being the last point of calcula-
tion. 
The second stage of calculation procedure is to 
assign the results of the point B to the first point of 
the numerical calculation, i=1. Here the temperature 
at the point E is T*. 
For each Mach line, it is necessary to know the 
temperature in the center of expansion A which 
represents also the temperature on the wall. As the 
number of selected points is equal N, then, we ob-
tain N-1 panels, from where, the temperature in 
point i is given by 
 ( 1)Δi *T T i  T= − −   i=1,2,3,…,N     (27) 
and        )1()(Δ −−= N/TTT E*         (28) 
By incrementing the value of i from i=2 to N, 
we can determine the thermodynamic and physical 
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properties along all the selected Mach lines and 
consequently the shape of the central body will be 
obtained. To accelerate the calculation process of 
Eq.(11), we can consider this integral in the follow-
ing form 
−  1  1 ( ) d
i
i i v
i
T
Tν ν F T  T+ += + ∫          (29) 
The calculation of Eq.(29) is done by using the 
Simpson algorithm. For the numerical applications, 
and if N is large, we can choose approximately 5 to 
7 points of Simpson for the evaluation of this inte-
gral with a suitable precision. 
From the results of the last point i=N, we can 
fix the following results: 
• The position of the point E is given in 
non-dimensional form as 
/ /B NE Bx xλ λ=               (30) 
/ /E B N By yλ λ=               (31) 
• The axial distance between the exit section and 
the lip (point A) is given by 
 Plug / /B E Bx xλ λ=             (32) 
• The length of the nozzle is measured as an ax-
ial distance between the point B of the throat 
and the point E of the exit section. It is given in 
non-dimensional form by 
/ ( / ) ( / )B E B B BL x xλ λ λ= −        (33) 
• The ratio of cross-sectional areas correspond-
ing to the discretization of N points is 
*
/ (computed) / /E E B N BA A y yλ λ= =  (34) 
2.3  Thermodynamics parameters 
At each point i of the wall, the thermodynamic 
ratios can be determined by the following relations: 
The ratio of the temperatures in point i of the 
wall is given by (T/T0)i=Ti /T0 . This ratio is used to 
make the suitable choise for construction material of 
the central body. 
The density ratio in point i is given by the fol-
lowing relation, see Refs.[8,9]. Its calculation proc-
ess is presented in Refs. [8] and [9]. 
0
0
2
P
 ( / ) exp ( ) ( ) d i i
T
T
C T a T  T ρ ρ ⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠∫    (35) 
The same remark mentioned for the calculation 
of the value of νi+1 by Eq.(29) remains valid to cal-
culate the density ratio by Eq.(35). Then, we can 
consider this relation in the following form 
 0 0 1
1
2
P( / ) ( / ) exp ( )/ ( ) d
i
i i
i-
T
Tρ ρ ρ ρ  C T a T  T
⎛ ⎞⎜ ⎟− ⎜ ⎟⎝ ⎠
= −∫  
 (36) 
This ratio is used for to evaluate the mass of gas 
existing at every moment in the flow space of the 
central body. 
The pressure ratio as in point i is given 
by iii T/TρρP/P )()/()( 000 = . This ratio will be useful 
to us for the determination of the pressure force ex-
erted on the central body wall. 
2.4  Mass of the central body structure 
The segment number (i) of the wall is illus-
trated in Eq(7). To calculate the mass of the central 
body, the following assumptions are made: 
• The shape of the wall between two successive 
points is approximated by a straight line. 
• The central body is made up of the same mate-
rial, and with a constant thickness. 
The calculation of the mass structure is de-
pendent on the calculation of the curvilinear length 
of the wall. Per unit of depth and in non-dimen-
sional form, we obtain [3] 
Mass
1
2 2
/ / / /1 1
1
Mass/( 2 )
[( ) ( )] [( ) ( )]
M M B
N
i B i B i B i B
i
ρ  t  λ  l C
 x λ x λ y λ y λ
−
+ +
=
= =
− + −∑  
(37) 
where CMass is coefficient of the mass of the struc-
ture. 
2.5  Pressure force exerted on the wall 
The pressure force exerted on a panel of Fig.7 
is approximated by the following interpolation 
( ) 1(1 )i i iP P Pσ σ += + −           (38) 
 
Fig.7  Parameters of a segment of plug nozzle 
The axial pressure force exerted on this panel 
is thus 
( ) ( ) 1( ) x i i i iF  P y y l−= −          (39) 
The axial pressure force exerted on the central 
body, per unit of depth, is calculated as the sum of 
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all the axial pressure forces exerted on all panels. In 
non-dimensional form thus have 
1
0 0 ( ) 1
1
(   ) 2 ( ) ( )
i N
x B F i i B i B
i
F / P λ l C P/P y /λ y /λ
= −
+
=
= = −∑  
 (40) 
where CF is coefficient of the pressure force. 
2.6  Mass of the gas in the divergent 
The mass of the gas in the divergent part of the 
central body between the Mach lines AB and AE 
including the uniform zone, assuming that the den-
sity is uniform in triangular region with vertices A, i 
and i+1, where for each triangular region is ap-
proximated by 
Gas( ) ( ) ( )  Mass i i i lρ A=            (41) 
With      1( ) ( ) 2iiiρ ρ ρ /+= +            (42) 
1 1( )
( ) 2
i ii i i
A x y x y /+ += −         (43) 
In the uniform zone, the mass of the gas, per 
unit of depth, is given by 
GasMass (uniform  zone) ( ) / 2E E Ex y lρ=     (44) 
The total mass of the gas in the divergent sec-
tion including the symmetry of the central body, per 
unit of depth, will thus be given, in non-dimensional 
form, by the following relation 
[ ]
2
0 Gas 0
1
1 1
1 0
GasMass /( ) ( / )[( / )( / )]
( / )( / ) ( / )( / )
B E E B E B
i N
i B i B i B i B
i
ρ λ l C ρ ρ x λ y λ
x λ y λ x λ y λρρ
=
= −
+ +
=
= +
⎡ ⎤ −⎢ ⎥⎣ ⎦∑
 
(45) 
where CGas is coefficient of the mass of the gas. 
3  Error of the Perfect Gas (PG) Model 
The mathematical PG model is developed on 
the basis to consider the values of CP and γ as con-
stants, which gives acceptable results for weak 
stagnation temperature. The error given by the PG 
model compared to our model can be calculatedeach 
design parameter. Then for each values (T0, MaE), 
the relative error can be evaluated by the following 
relation 
PG
parameter
HT
Parameter
(%)  1 100
Parameter
ε = − ×    (46) 
The word parameter in the Eq.(46) can repre-
sent all design parameters (length of nozzle, mass of 
strucutre, pressure force exerted on the wall, ratio of 
critical sections).  
4  Results and Comments 
The results presented are considered for three 
values of the stagnation temperatures T0=1 000 
K, 2 000 K and 3 000 K including the case of per-
fect gas γ=1.402. The contour of the central body is 
presented in terms of non-dimensional axes. 
The design results such as the central body 
length, the mass of the structure, the pressure force, 
the mass of the gas presented respectively by Eqs. 
(33), (40), (37), and (45) are presented in 
non-dimensional form.  
4.1  Effect of discretization on the convergence 
     of the problem 
If we increase the number N of points, we can 
see the convergence of the numerical results to-
wards the exact solution. We take an example for 
MaE = 2.50, λB =1.0 and T0=2 000 K. The theo-
retical ratio of cross-sectional area is equal to 
E */ A A = 2.924 955, to see Ref.[6]. The results pre-
sented in Table 1 depend not on the discretization. 
Table 2 presents various numerical results obtained 
from the design parameters of the suggested exam-
ple versus to the number N of points. The problem is 
convergent with a given relative error ε, if the 
cross-sectional ratio numerically calculated for a 
discretization and the theoretical sections ratio 
check the Eq.(32). The parameters also converge 
towards the precise solution. 
ComputedE Exact E **1 ( ) ( )  100 %ε A /A / A /A= − ×  (47) 
We note that if the value of N increases, the ra-
tio of the sections and the other parameters con-
verge in a decreasing way, i.e., the computed value 
is always superior than the theoretical one. The 
other ratios mentioned in Table 2 convergence to-
wards the precise solution before the convergence 
of the sections ratio, which is an advantage, in or-
der to control only the convergence of the 
cross-sectional ratio. We can say that number N 
necessary (smallest possible), to have convergence 
depends on the following parameters: 
N=f (ε, MaE, T0)           (48) 
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Table 1  Design Parameters of the suggested exemple not depend of the discretizaton 
Ψ/ (°) φE/ (°) φB /(°) xB /λB yB /λB θ*/ (°) 
47.025 1 23.578 1 132.974 8 -0.681 6 0.73169 42.974 8 
Table 2  Design Parameters of the suggested exemple depend on the discretization 
N AE /A* L/λB CMass CF ε /% 
10 3.722 85 8.801 84 9.509 53 0.568 90 21.432 
50 3.041 44 7.622 21 8.174 72 0.602 18 3.830 
100 2.980 53 7.501 22 8.039 99 0.606 51 1.864 
500 2.935 52 7.406 95 7.935 58 0.609 98 0.359 
1 000 2.930 18 7.395 27 7.922 70 0.610 41 0.178 
2 000 2.927 55 7.389 43 7.916 27 0.610 63 0.088 
5 000 2.925 98 7.385 93 7.912 41 0.610 76 0.035 
10 000 2.925 47 7.384 76 7.911 13 0.610 80 0.017 
20 000 2.925 21 7.384 17 7.910 49 0.610 83 5.8×10-3 
50 000 2.925 05 7.383 82 7.910 10 0.610 84 3.5×10-3 
100 000 2.925 00 7.383 71 7.909 97 0.610 84 1.7×10-3 
500 000 2.924 96 7.383 61 7.909 87 0.610 85 3.4×10-4 
800 000 2.924 96 7.383 60 7.909 86 0.610 85 2.1×10-4 
1 000 000 2.924 96 7.383 60 7.909 86 0.610 85 1.7×10-4 
2 000000 2.924 95 7.383 59 7.909 85 0.610 85 8.7×10-5 
5 000 000 2.924 95 7.383 59 7.909 85 0.610 85 3.5×10-5 
6 000 000 2.924 95 7.383 59 7.909 84 0.610 85 2.9×10-5 
1 000 0000 2.924 95 7.383 59 7.909 84 0.610 85 1.7×10-5 
 
Number N still depends on the number of nec-
essary points for the evaluation of Eqs.(11) and (35) 
by the Simpson Quadrature. We made calculations 
for N=2×107, N=3×107 and N=5×107 points and 
we found a ε error respectively ε =8.7×10-6, 5.8×
10-6, and 3.5×10-6. By comparing these results to 
those of N=2×106, N=3×106 and N= 5×106 of 
Table 2, we notice that for two discretizations for 
same values of MaE and T0, we can check the fol-
lowing relation: 
N2/N1=ε1/ε2                         (49) 
The results in Table 3 show the minimum num-
ber N of points required to obtain a specified error ε 
for the indicated exit Mach number MaE when T0 =  
2 000 K . In Table 4, the effect of the stagnation 
temperature on the minimum number of points of 
the discretization error ε is shown. The minimum 
number of points N for the specified error depends 
on the values of MaE and T0.  
4.2  Effect of stagnation temperatureon the 
contour of the central body 
Fig.8 shows the form of the central body for 
MaE=1.50, 2.00, 3.00, 4.00 and 5.00. The nozzles are 
 
Table 3  Minimum number of points N giving 
the error ε for T0=2 000 K 
 ε=1.0 ε =10-1 ε =10-2 ε =10-3 ε =10-4 
MaE =1.50 18 155 1 493 14 734 146 767 
MaE =2.00 76 719 7 065 702 39 701 355 
MaE =3.00 339 3311 32 871 327 933 3 277 629 
MaE =4.00 762 7 524 74 922 748 196 7 479 266 
MaE =5.00 1 299 12 883 128 469 1 283 404 12 829 115 
Table 4  Minimum number of points N giving the 
Error ε for MaE=3.00 
 ε=1.0 ε=10-1 Ε=10-2 ε=10-3 ε=10-4 
PG (γ=1.402) 270 2 696 26 954 269 540 2 695 346
T0= 500 K 296 2 887 28 663 285 996 2 858 721
T0=1 000 K 309 3 014 29 908 298 358 2 982 048
T0=3 000 K 352 3 442 34 174 340 983 3 408 164
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Fig.8  Shapes of the central body giving the exit Mach 
number EMa  
not confused in the same point at the throat, consid-
ering the angle Ψ is not the same one. These points 
are on a circle of radius λB =1.00. 
In Fig.8(a), the four curves are almost identical. 
In Fig.8(b), we almost notice the superposition of 
the curves of perfect gas and at high temperature for 
T0=1000 K. From the Mach number EMa =2.00, the 
nozzles of case (c), (d) and (e) of Fig.8, trades to 
increase gradually. From this figure, we can notice 
the influence of the stagnation  temperature  T0 on 
the contour of the nozzle and the design parameters. 
4.3  Variation of the thermodynamics parame-
ters along the wall of the central body 
Figs.9, 10 and 11 represent respectively the 
variation of temperature ratio T/T0  as well as the 
flow deviation and the Mach number along the wall 
 
Fig.9  Variation of T/T0 along the wall 
 
Fig.10  Variation of θ along the wall 
 
Fig.11  Variation of Ma along the wall 
of the nozzle of Fig.8(c). For the variation of the 
Mach number, it is equal to the unit at the throat and 
MaE=3.00 at the exit, to see Fig.11. We can deduce 
these values starting from Refs.[8] and [9]. Con-
cerning the flow angle deviation, it is equal to zero 
at the exit (parallel flow), and equal to θ* at the 
throat. The curves of these figures are not confused 
at the throat, considering the shapes of the nozzles 
of Fig.8(c). Each parameter has an importance and 
which will be useful to us for the determination of 
the design parameters. 
In these figures, we can clearly see the effect of 
T0 on the thermodynamic and physics parameters. If 
the plug nozzle given on the perfect gas assumption 
(curve 4) is used in the aerodynamic applications for 
raised temperature T0, the PG model will fall the 
actual values of the physical behavior. For example, 
between the PG and HT models when T0= 3 000 K, 
we will see a fall of temperature equal to 4.76% at 
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the throat, and 15.91% at the exit for the tempera-
ture ratio, see Ref.[9]. This fall can make problems 
at the time of the choice of building material which 
will resist this temperature. For the pressure ratio (is 
not shown here, see Ref. [9]), there will be a fall 
equal to 3.57% at the throat and 13.75% at the exit. 
4.4  Variation of the design parameters accord-
ing to MaE 
Figs.12-19 represent the variation of the design 
parameters according to the exit Mach number MaE.  
 
Fig.12  Variation of L versus to ME 
 
Fig.13  Variation of CMass versus to ME 
 
Fig.14  Variation of CF versus to MaE. 
 
Fig.15  Variation of Ψ versus to MaE 
 
Fig.16  Variation of the angle θ* versus to MaE 
 
Fig.17  Variation of CGas versus to MaE 
 
Fig.18  Variation of xPlug versus to MaE 
 
Fig.19  Variation of E */A A  versus to MaE 
Fig.12 presents the variation of the length of 
the central body versus to the exit Mach number. 
The more the nozzle delivers higher exit Mach 
number, more the length will be high. Always we 
notice that the four curves are almost confused with 
low Mach number until approximately MaE=2.00. 
From this value, the four curves start to differentiate, 
and between curves 1 and 2 correspondent to the 
case of perfect gas and at high temperature for T0 = 1 
000 K，we can say that the perfect gas theory gives 
good results if this condition is checked. 
The mass of the structure of the central body 
required to have a uniform and parallel flow is illus-
trated in Fig.13. The pressure force exerted on the 
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central body wall is presented in the non-dimen-
sional form versus to MaE in Fig.14. 
Fig.15 illustrates the variation of the deviation 
angle of the lip compared to the vertical versus to 
MaE. 
The intial deviation angle θ* at the throat com-
pared to the horizontal versus to MaE is illustrated in 
Fig.16.  This value depend to the angle Ψ by the 
relation Ψ +θ*=90° 
Fig.17 presents the variation in non-dimen-
sional form of the mass of gas existing at every 
moment in the space of the divergent according to 
Ma E. 
Fig.18 shows the variation in non-dimensional 
form of the necessary distance between the exit sec-
tion and the lip of the nozzle which must have the 
central body to have a critical section at throat, and 
consequently a supersonic flow in the divergent part. 
If this distance is not respected, there will be a sec-
tion Athroat≠A* and consequently a subsonic flow in 
the divergent part will take place. 
Fig.19 represents the variation of the exit sec-
tion ray according to the exit Mach number. Here we 
can trace this graph independently of the dimen-
sionning calculation. 
It is noticed that the four curves in each 
Figs.12-19 begin with a portion almost confused 
until MaE= 2.00 approximately, then to be different 
gradually with an error ε which vary with T0 and 
MaE and the parameter itself. This variation is inter-
preted by the possibility of using the PG model as 
long as MaE<2.00 for every values of T0 with a pre-
cision equal to 5%, to see Fig.27 in the interval 
[1.00, 2.00]. We still notice that curves 1 and 2 in 
these figures are almost confused for evey values of 
MaE, and that the maximum error when MaE=5.00 is 
equal to 5%, to see curve 3 in the Fig.27. This varia-
tion is interpreted by the possibility to use the PG 
model as long as T0<1 000 K for every value of MaE 
up to 5.00. The error of each parameters given by 
the PG model compared to our model is presented in 
Fig.27. 
4.5  Design parameters according to T0 
Figs.20-24 represent the variation of the design 
parameters according to the stagnation temperature 
T0 for MaE=3.00. It is clear in these figures that the 
PG model does not depend on the T0. It is noticed 
that our HT model take into account of this tem-
perature and the dependence becomes considerable if 
T0 will be high. 
 
Fig.20  Variation of non-dimensional length versus to T0 
 
Fig.21  Variation of CMass versus to T0 
 
Fig.22  Variation of CF versus to T0 
 
Fig.23  Variation of AE /A* versus to T0 
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Fig.24  Variation of θ* versus to T0 
The errors given by the design parameters of 
the PG model compared to our model at high tem-
perature are illustrated in Fig.27 when MaE = 3.00. 
These errors can arrive to 45% for the length, 44% 
for the mass of the structure, and 20% for the pres-
sure force when T0=3 500 K. 
With low value of T0, the PG model gives good 
results until T0=1 000 K with a maximum error equal 
to 5%. It is still noticed that the PG model falls the 
values of the design parameters compared to the 
actual values of the physical behavior. 
4.6  Correction of the Mach number MaE 
In Fig.25, we represent the form of 4 nozzles hav-
ing even exit section ray. Curves 2, 3 and 4 are for the 
high temperature case when T0=1 000 K, 2 000 K 
and 3 000 K respectively. Curve 1 correspondent to 
the case of perfect gas. The four nozzles do not de-
liver the same exit Mach number. The exit ray of the 
four curves corresponding to the case of the perfect 
gas for MaE=3.00. It is equal to E */A A = 4.220 0, to 
see Ref.[9]. We can show that they do not deliver the 
same Mach number MaE starting from the Eq.(5). 
 
Fig.25  Nozzles having same exit section 
The goal to present this figure is that, if we 
consider the nozzle dimensioned on the basis and 
assumptions of a PG model for the aeronautical ap-
plications, we can notice the degradation of the per-
formances in particular the exit Mach number, con-
sidering the nozzles have almost the same size and 
form, except a small difference in length. The nu-
merical results of the principal parameters are pre-
sented in Table 5. The flow in this difference in 
length is almost uniform. The shape of the nozzle 
used does not change, except the thermodynamic 
behavior of the air to the temperature. 
Fig.26 represents the variation of the correction 
of Mach number of a nozzle giving an exit Mach 
number MaE, dimensioned on the basis of the 
Table 5  Calculation results of nozzles of the Fig.25 
 
Fig.26  Mach number at high temperature of a nozzle 
determined on the assumption of a perfect gas 
PG model for various values of T0. We notice that 
the curves are almost confused until Mach number 
MaE=2.00, independently of the temperature T0. 
From this value, the difference between the three 
curves 2, 3 and 4, start to increase. The curves 1 and 
2 are almost confused if MaE<2.00 approximatively. 
This variation is interpreted by the use potential of  
PG model for the applications if the stagnation tem-
perature is lower than 1 000 K. 
For example, if the nozzle delivers a Mach 
number MaE=3.00 at the exit section on the assump-
tion of a perfect gas, it will deliver, on the consid-
eration of the HT model, a Mach number 
MaE=2.939, 2.843 and 2.812 respectively if T0=1 
000 K, 2 000 K and 3 000 K. Between the PG and 
HT models, when T0=2 000 K, the fall of the Mach 
number is equal approximately to 5.51%. 
4.7  Results on the error of the PG model 
Fig.27 represents the variation of the relative 
error given by the design parameters (length of the 
 PG(γ =1.402) T0=1 000 K T0=2 000 K T0=3 000 K
MaE 3.000 00  2.939 80  2.843 23  2.812 12  
θ*/(°) 49.651 69   50.564 15  51.467 45   51.757 84  
L /y* 12.698 17  12.438 60  12.014 19  11.876 99  
CMass 13.594 33  13.357 79  12.961 16  12.833 04  
CF 0.746 00  0.769 98  0.801 42   0.812 92 
CGas 8.998 06  8.604 00  8.188 43   8.056 40 
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nozzle, mass of the structure and pressure force) of 
 
 
 
1—Error compared to HT model for (T0 =3 000 K) 
2—Error compared to HT model for (T0=2 000 K) 
3—Error compared to HT model for (T0=1 000 K) 
Fig.27  Variation od the relative error given by the design 
parametrs of the perfect gas model 
the PG model compared to the HT model for some 
values of T0. 
We clearly notice that the error depends on 
the values of T0 and MaE, and it increases if the 
stagnation temperature increases. For example, if 
T0=2 000 K and MaE = 4.00, the use of the PG 
model will give a relative error equal to ε= 
22.86% for the length of the nozzle, ε =23.18% 
for the mass of the structure and ε =15.07%  for 
the pressure force. For low value of MaE and T0, 
the error ε is weak. 
On these figures, the curve 3 is in the lower 
part of the error 5%. This position is interpreted by 
the use potential of the PG model until the tempera-
ture T0=1 000 K for the aeronautical applications. 
But if T0 is raised, the error increases progressively 
and in this case, we can use the PG model inde-
pendently of the temperature T0 if the exit Mach 
number approximately does not exceed MaE =2.00 
with a maximum error of 5%. 
If an author accepts an error higher than 5%, he 
can use the PG model in an moderate interval of 
MaE and T0.   
4.8  Comparison to the Minimal Length Nozzle 
(MLN) configuration 
Fig.28 shows the form of the plug nozzle and 
the MLN configuration for MaE=3.00 and T0=  
2 000 K, for aim to make a comparison between these 
two types of nozzles. The obtained numerical values 
of design are presented in Table 6. We clearly notice 
the profit in length and cones- quently in mass. The 
two nozzles deliver same exit Mach number since 
have same exit section, and are obtained on the same 
model at high temperature. 
 
Fig.28  Comparison between the shapes of the plug nozzle 
and MLN for MaE =3.00 and T0=2 000 K 
Table 6  Calculation results of the nozzles of Fig.28 
 θ* /(°) L /(throat ray) CMass CF 
Plug Nozzle 54.979 3 14.941 3 16.133 0 0.884 4 
MLN Nozzle[12] 27.489 6 19.696 3 20.332 6 0.349 6 
Fig.29 represents the comparison between the 
lengths of these two nozzles according to the exit 
Mach number. In Fig.30, we presents the compari-
son between the mass of the nozzles, and Fig.31 
presents the comparison between the pressure forces 
produced by the divergent. 
 
Fig.29  Comparison between the length of the plug nozzle 
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and the MLN when T0=2000 K 
 
Fig.30  Comparison between the mass structure of the plug 
nozzle and the MLN for T0=2 000 K 
 
Fig.31  Comparison between the pressure force of the plug 
nozzle and the MLN for T0=2 000 K 
In the case of Fig.28, the relative profit in 
length, mass of the structure and pressure force can 
arrive respectively to 15.01%, 15.73%, and 15.65%. 
According to this profit, we can see the advantages 
of the use of this type of nozzle. The results con-
cerning the MLN nozzle are presented in Ref. [12]. 
The design of the MLN is done by the method of 
characteristics. The flow fields  inside the plug 
nozzle is divided into zone simple of transition ABE 
and a zone of uniform flow, to see Ref. [6], which is 
not the case for the MLN configuration where it has 
in more one zone of non simple flow named by zone 
of Kernel. 
5  Conclusions 
From this study, we can quote the following 
points: 
If we accept an error lower than 5%, we can 
study a supersonic flow by using the PG relations if 
the stagnation temperature T0 is lower than 1 000 K 
for any value of the Mach number up to 5.00, or 
when the Mach number is lower to 2.00 for any 
stagnation temperature up to approximately 3 000 K. 
The PG model is represented by explicit and 
simple relations and do not ask a time raised to 
make calculation, which is not the case for our 
model, where it is represented by the resolution of a 
nonlinear algebraic equation and integration of three 
complex analytical functions (Density, Rapport of 
cross-sectional and Prandtl Meyer function) requir-
ing a calculation and high time and data-processing 
programming. 
The basic variable for our model is the tem-
perature and for the perfect gas model is the Mach 
number because of the nolinear implicit Eq.(5) con-
necting the parameters T and Ma. 
The relations presented in this study are valid 
for any interpolation type chosen for the function 
CP(T). The essential one is that the selected interpo-
lation gives an acceptable small error. 
We can choose of another substance instead of 
the air. The relations remain valid, except here it is 
necessary to have the table of variation of CP and γ 
according to the temperature and to make a suitable 
interpolation. 
We can obtain the relations of a PG model 
starting from the relations of our model at HT model 
by cancelling all the constants of interpolation of 
function CP(T) except the first. In this case, the PG 
model becomes a particular case of our HT model. 
The ratio of the cross-sectional presented by the 
Eq.(22) can be used as a source of comparison for 
the validation of the numerical design of various 
supersonic nozzle on the basis of our HT model 
giving an uniform and parallel flow at the exit sec-
tion by the method of characteristics and the Prandtl 
Meyer function [12].. 
For the same precision ε, the number N of the 
Mach waves necessary for the HT model is higher 
than the number of points for the PG model. This 
difference is due to the difference in length which 
requires more discretization for the HT model. 
From this study, we have to illustrate an im-
provement of the parameters of the supersonic noz-
zle compared to the MLN nozzle[12] which is very 
much used in the aeronautical applications by the 
new shape of nozzles called plug nozzle. Thus a 
simple change of the MLN nozzle by our type al-
lows a new strategy of use of the missiles and 
spacecraft.  
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The developed method can make the design 
until an error of 10-6 in a very reduced time although 
the discretization requires a high number of point. 
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